Abstract-A novel neural network (NN)-based optimal adaptive consensus control scheme is introduced in this paper for networked mobile robots in the presence of unknown robot dynamics. Throughout the paper, two NNs are used. The unknown formation dynamics of each robot is identified by using the first NN. The second NN is utilized to approximate a novel value function derived in this paper as a function of augmented error vector, which is comprised of the regulation and consensus-based formation errors of each robot. A novel near optimal controller is developed by using approximated value function and identified formation dynamics. The Lyapunov stability theorem is employed to derive the NN weight tuning laws and demonstrate the consensus achievement of the overall formation. The simulation results are depicted to show performance of our theoretical claims.
I. INTRODUCTION
Recently, the cooperative control of mobile robots has received increased attention [1] , [2] . Motivated by possible applications such as surveillance or the formation control of satellites, several distributed controllers have been derived to enable agents to attain pre-specified tasks including consensus, coverage, and flocking or formation control. Given an initial position, the main task in formation control of mobile robots is to: i) drive the robot to a desired formation, and ii) maintain the desired formation while the network of robots move through the environment to reach their goal position and orientation.
Consensus-based techniques have been developed [3] , [4] for formation control of agents. However, the past literature [1] , [3] - [7] assumed that: i) the agent dynamics are known; ii) the optimal formation controller [5] [6] is developed backward-in-time; and iii) linearized agent dynamics are taken for each robot/agent. When an agent is a mobile robot [7] , the linearized robot dynamics are considered for consensus design. However, our previous work [8] has demonstarted that ignoring nonlinear dynamics may negatively affect the formation keeping of networked robots.
Therefore, forward-in-time optimal consensus-based formation control of networked mobile robots in the presence of unknown robot dynamics is still an open problem. Before developing the controller, the formation error dynamics and quadratic cost function of each robot are determined as a function of consensus based formation and regulation errors. It is found that the formation dynamics are nonlinear and can be expressed in affine form.
In the literature [9] , [11] , a variety of forward-in-time optimal controllers have been developed for agents described as a nonlinear affine systems with known or unknown dynamics. These online optimal controller approaches, also referred to as adaptive dynamics programming (ADP), require a significant number of iterations to learn the NN weights of optimal cost function approximation. However, inadequate iterations may cause instability of robot formation [9] . Therefore, a novel online ADP-based optimal controller was developed in [9] to relax the iterative approach. In this paper, a novel approach will be utilized to design a consensus-based optimal formation controller for networked mobile robots whose dynamics are considered uncertain without using iterations.
Two neural networks (NN) are employed in this ADPbased optimal controller design. The first NN is used for the identification of unknown formation dynamics of mobile robots while the second NN is utilized to approximate the value function, which becomes the solution to the HamiltonJacobi-Bellman (HJB) equation. In order to determine optimal consensus control of mobile robots, the approximated value function and approximated formation dynamics are utilized. Novel weight tuning laws are derived via Lyapunov stability method by minimizing formation keeping and regulation errors, and control torques of mobile robots.
The critical contributions of this work include: 1) the consensus-based optimal networked robot formation control in the presence of unknown nonlinear dynamics by using a novel value function estimation scheme; and 2) verification of the boundedness of the closed-loop robot dynamics and consensus achievement of the overall robot network.
The rest of the paper is constructed as follows. Section II gives a brief background on mobile robot dynamics, consensus based formation control and optimal regulation of continuous-time systems. The problem formulation is presented in Section III. Section IV considers the design of the optimal formation controller. Simulation results are revealed in Section V to verify our theoretical work before concluding with a summary of achievements in Section VI.
II. BACKGROUND AND PRELIMINARIES
In this section, the dynamics of a single mobile robot is formulated as a nonlinear system in affine form, and the consensus based formation controller is addressed. A brief background is given on optimal regulation of continuous time systems.
A. Mobile Robot Dynamics of Motion
The dynamics of a single nonholonomic mobile robot [10] are a function of Cartesian positions and the bearing angle. The dynamics are subject to nonholonomic constraints given by
functions acting as the system dynamics. Alternative to (3), the state space representation can be expressed in nonlinear affine form as
where ( ) ( ) 
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Here, all the robots in the network are assumed to have dynamics similar to the one given in (5) for th i robot. The following assumption is needed before we proceed: 
The system (5) 
Further, the regulation error dynamics (7) can be represented as
where
Additionally in a formation controller design, consensus has to be attained to maintain formation which is discussed next.
B. Consensus-based Formation Controller
In this subsection, the classical consensus-based controller design is discussed briefly. The following assumption on communication aspects of the robots within formation is needed before introducing the consensus methodology.
Assumption 2 [5]:
The connectivity graph of the mobile robot network will be undirected as well as connected.
This assumption is utilized to contruct the formation dynamics of each robot since the formation dynamics are a function of neighbor robots. Next, the main goal of robot formation control is reaching consensus by controlling the robot formation error defined as order to design an optimal consensus based formation controller for nonlinear systems, both the regulation and formation errors need to be considered. Next, classical optimal control background is presented before introducing our proposed controller.
C. Optimal Regulation of Continuous time systems
Consider the nonlinear mobile robot regulation errors dynamics (8) in nonlinear affine form. The goal here is to derive an optimal control policy by minimizing the value function 
The optimal controller scheme [9] is obtained by using the stationarity condition ( , ) 0
Replacing (12) into (11) yields the time-varying HJB equation as The value function which is the solution to the HJB equation is utilized to obtain the optimal controller. On the other hand, obtaining an analytical closed-form solution of the HJB equation (13) is extremely difficult. Hence, an approximation based technique-so called ADP is used to approximate the solution of (13) online. robot (8) with the value function (10) and the optimal controller (12). Let ( ) i J v be a continuously differentiable, radially unbounded Lyapunov candidate such that
is the partial derivative of the Lyapunov candidate, ( ) 
where * ( , )
i i r v τ being the cost to go function. Then, the following relation will hold
In a consensus-based control, as the complete formation dynamics are functions of both the regulation and the formation errors, a novel cost function had to be defined. In the next section, a problem statement of the consensus-based optimal formation controller is formulated.
III. PROBLEM FORMULATION
The augmented formation dynamics are determined, and the near optimal consensus-based formation controller of mobile robots is derived by using ADP in this section.
A. Formation Dynamics of Mobile Robots
The formation dynamics are established by augmenting the regulation and formation errors together. The dynamics of the formation errors (9) can be derived as 
The formation error dynamics of 
, is formulated in a decentralized way. These formation dynamics are not known beforehand as they are a function of regulation errors and control inputs of other robots in the network. Therefore, the unknown formation dynamics (18) are identified through an NN identifier which is subsequently utilized in the optimal formation controller design. First, a consensus based value function is defined.
B. Consensus-based Value Function
In order to derive the consensus-based optimal formation controller, a novel value function is proposed for the 
IV. OPTIMAL ADAPTIVE CONSENSUS CONTROLLER DESIGN
The optimal adaptive consensus-based formation controller is derived for mobile robots in the presence of uncertain robot formation dynamics. First, the unknown formation dynamics are identified through a NN. Second, a novel NN-based adaptive optimal consensus controller is developed. Further, the optimality and consensus ability of the overall robot network are stated in Theorem 2 based on the formation controller defined for each mobile robot individually. The identification of th i robot formation dynamics is introduced next.
A. NN-based Identifier
Consider the formation error dynamics of ith robot (18) in nonlinear affine form. On a compact set, Ω , the mobile robot formation error dynamics can be represented as [12] ( , ) ( , ) Then, the robot formation dynamics (8) can be expressed by using (21) as ( , ) ( )
with 2 6 [ ]
:
, which represent the NN identifier desired weights matrix and basis function, respectively, where 
B. Optimal Consensus Controller Design
In order to estimate the value function, ( ) With the NN approximation of value function (27), the approximated Hamiltonian is given bŷ( , ) ( ) ( ) ( )
is derived from the NN identifier. The estimated controller torque is given by
which is obtained as a function of approximated formation dynamics. The objective here is to obtain the Hamiltonian estimation (23) along the robot trajectory, such that the optimality in terms of controller effort can be achieved. Hence, the NN tuning law is found by minimizing (26) as well as stabilizing the formation dynamics of th i robot. By using normalized gradient descent, the NN tuning law can be given by , respectively. As shown in Fig. 3 , the third robot moves further away from its goal position at the beginning to reach consensus on regulation error, however, in the second plot, it converges to its goal position faster.
VI. CONCLUSIONS
In this paper, a novel adaptive optimal consensus-based formation controller was derived for a network of mobile robots. The value function which was derived as a function of the regulation and formation errors was utilized to obtain optimal control inputs to each mobile robot such that the overall formation was able to move in consensus from any initial position to the desired target position. Simulation results confirm the theoretical claims. 
